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1. Introduction

We consider the genera l I i :ear mode l

(1.1) Y . i~~ + ~~~~~~~~~ T. C
j i~() (

where is an unknown (p ~ - 1) vector , the (~ - 1) ve~. t o r ~ c ! ar~. knowa , the

ei ror e m s  L .  are independe l l  t ao( l ident  i c~ t i v  d st r ib ’~t ed t i  . i .d . ) w i t h  COfl ’.~~or

d i s t r i ut i on f u n c t i o n  1 , and ‘ ( T O )  eX p r C ~~s ’’- , he 1 ’u c , i h l e  h e t c r ~~ ci d a s t j c j r ~.

in the mode l , wi th

( 1 .2)  , ) = 1 + a (t )  + c ’( ) as ~ -. 0

Bickel ( 1978) ,  genefalizing work of Anscombe ( l ~’~~l ) ,  d e f i n e s  robus t t e s t s  f’~r

he te r~) scedac~~i c i t v , w h i c h  in the  pr eve , :t  C o n t e x t  i~ a test of II f~: 
(~ = 0; the i t h i

is to r ep lace  aspects of  t he  usua l in forma l ~anu n a t i o n  ‘f r e s i d u a l s  by forma l

s t a t i s t i c a l  inference about t h e  p r o h a h i l i t v  st r u c t u r e  of the da t a .  I f  ~ t~~ } are

the  f~ t te d va lues  ( f r o m  leas t  sq .ares or p o s s i ! ’ i y  a robust  r egress ion  meth od

(liuber ( l Y ~ 3 ) ( l 9 7 7 ) ) )  and h is :in even funct ion , R i c k e l ’ s robust test st~’ti s~ i c is

(1. 3) = ~ ~a ( t . )  -

where

(1.4) r. = Y . - t . residual ,
L L 1

S.

n n .
_
\

_
.

(l.~ - 

V (a ( tJ  - .i . ( t) ) 2 (n-p)~~ ~ (h Ir:) - b . (rfl 2 
, ~~~~~~~~~~~~~ ~~

.,

1=1 1=1 - 
‘. -

\ 5
’ -

and for  any f u n c t i o n  g ,  -

-1 ,, 
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2

Bickel makes the follo wing asstunptinn :

( 1 .6) h is b oun ded and has  two Cont i n t i n l i s  lu t i l f i t t ed  dc r i v a t  i vt s

tinder (1 .6)  and other  as~ umpt i ons  (see iheor’ nr 1 he l w 1 , Bickel obtains the

asympto t ic  d i s t r i but  ion of u n d er  11 0 : ~ () a nd co n t i  :~~U OI i S a l t e r n ;t t  ives

resul t s  are obtained for  the  case p
_

/ fl 0

One of the most a t t ra c t i v c  choices  of b ( w e l l  rn ot i~ -~ t e J in B i c k e l ’ s Sc: tj or

1) is Huber ’s f u n c t i o n  cqua red :

( 1 . 7 )  h ( x )

= K H >

This .hui ce of h does not sat isfy (Lt~) ~o t ’~at Ri c kel’ s Theorem S .l Je’s not

a 1 p . ~ !-  :~ at es that the st ~on~ sntootan css (ondi t ion (1 .6) is “U fl: ,8 i st a c t or ’ .”’

rind h t a ~ns :~~~~
- u lts tom (l . fl onl y when 

~ 
j c  ~~r t i ’ - led and f i t t i r g  i s  hv l eas t

sq~ure..

lh this note we shu~ hy a simp le m e d i f i c a t  i ’n of Rickc~ ‘ s proofs (u5~ ng

t e c h n i q u e s  Dr Carroll (l9~~~ ) ,  t h a t  results f or  can he ‘htained 1or b g iven

~y (~ - e~ en when p 1
/n 0 and fitting is ~‘v rotriis t e s t i m at e s  on leas t  squares .

This  res i l t  is  given in ;C C t i o f l  2 .  In  ~.ec tio T i 3 we note extensions shich  obtain

s- i le i n v l r A a n c e  by robus ’ cs t i ; i~a t i o n  W ith sc . i le  es t imated by Iluher ’s Prcposal 2.

2. -lain_ Results

Whe r e  possi ’ile we adopt R i c k e l ’ s f l o t a t i o n . W i t h o u t  loss of g~ n e r :a l i t y  w-

a~~su~i~e C ’ c .  = I .  t o  p r o v i d e  a fi-ame of  r e f e r e n c e  we s t a t e :

Theorc~~~! (Bicke l  ( lt) 78) ) 
~-;uj pose the fo l lowing hold:

max IT H M
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( 2 .2 )  n~~ ~ ( a ( i . )  - ~
(
~)r -

. -

( 2 . 3 )  
~n I  ‘ M .

( 2 . 4 )  1 is syminetr~c about :ero ,

(2.5) < J 2 0 )  -~ ~t where for F’ f(ahsolutely co’~’- it uous i

J2U-) = I (x t ’(x)/f(x) + l ) f (x)dx .

(2.6) Var (h(t
1
)) ~ 

- . 
-

(2.7) The funct ion  a is twice t~ound etl y and corit inuuusly di ffcrcntiablc .

( 2 8 )  I t  J .  = t. - T . ,  r = c
1 1 1~ 1. p

(2  )) h ( x )  = bLx )

( 2 .  1( b i~~~ “ oun ded .i- id s i t  i - -lies (1 • 6 )

( 2 . 1 1 ) V7~ 
- ‘ 0

Then

(2.12) PHA b z~ = 1 — : ( z  — o ( l )

where

(2.  13) .
~b

(5 ,n)  = H’ ( a ( t . )  - a ( ))
2

]
12 F r 1

b ’ (r
1
) [ V ar ( b ( t -

1 ) f l~~

-~ r g en e r a l i  7at  ion ‘f Iheoreni I to incorpo rate such f~rn ct ions -s  ‘~ .7) is

Theorem 2. Suppose (2.l)- (2.~~ and the fo l owin~ hold:

- 14) h is b oun ded , I. r~ h i t  of er der  one , and h i s  two h~m n d .  1 continu ou s

d e r i v a t i v e s  ex ce p t  ~~.: r, i t , l ,  r t  a f i n i t ’  i o i m t , c r  c f  p o i n t s , w h i c h we

t a k e  - i s  ~~~~
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(2 . l 5~ p
4
/n 0

Then (2.1 2) holds . (Assumption (2 .~~) is disii csred in the next section.j

Proof of Theorem 2 . .e  ~ey results in Ric t cI ‘~ p r oo t  rC (A34) - (.\
~~~~~~) with

w . . I — i/ n  ( i  —

I) -

= -1/n ~ j )

Becau ’e 1~ is hounded and L i ps ch i  t a  of ord er  one , (~~~~) - (A3 6 )  f o l l o w  ex~ict 1y

as g iven  by F i k c l .  l ie  u~~cs (~~37) to i~~ove

( 2 . 1 6 )  l: 2 
~~ 

( a ( :~~) - a ( t f l b ( i  i

= n - f ( a ( j ) — a ( - i  )~ h (~~.)

F h’ (~ 
~~~ 

i~~~~ l 

( a ( ’ .) - a ( r ) ) d .  +

w L r ~re d . 
~~~

. -. 

~~

. .  l r i s t s ’a d  ol proving (A 3 ) we w i l l  prove (2 16) d i rect ly .

As seen in Bi ck el’ s (A 1)-(,\47), (2.16) i s  v e r i f i e d  by proving e i t h e r  (MB )  ( :‘ s

Bi 1el  has ~.o u e )  or

I ~

~2 . l7)  n A = 
~~~~ Y 

~~~

. .  a(r. )i b (r.) - b(~ . )  + d. b ’ ( c . ) )  0
tz l  j - I  -

~~c will prove (2.17) . Note t h a t  in  ~~cke l ’ s pro of s  of (A41)— (A47) the as~ u .upt . iu- r

(I .6’ i~~~ not needed; the weaker assump t ion (2. 1-1 ) st .fficcs . Sinc~ r . = — d. ,

w i t ~i I hc’i ng the indic ato , t inic t ion , rewrit e

(2.1 ~. A w . - i i ~~ - ) (b(  , - — c i . )  . 
~ ( ,  ) • (I - b’  ~~~

- -
ii 1. j  j

‘ a ) .  i ( ~ - — , i  .- in 
-~ 

ii , - —  n

-. 1 ( — c  — a 
~ 

L 4 a )  + I ( c . c + :~~) ~ I ( ~~ ~ —c —

= - \  + . \  _~~ +
II! ~2 ,,3 - iii ~ ‘; 

-



r

where a ‘ 0 w i l l  be ~l c c i f i e d  la te r .  ~c. a lso ~~r i t ~’ \ K .  (n).  ~~~‘ anfl n i j  ~~
f u r th e r  w r i t e

( 2 . 19 )  A 1 = :: . 
~~~

. K. . ( n ) ~ 
-‘ I f  c + i l ’ c . . C - a ) -‘~~~~ +

As i i  B i c k e l  ‘s (A4~ ) s ince  h ii cl i f f e r c - I , f I ih ie - I  I - ,c) ,

= ~~( :: r )  = 0 (p)

Not e that if —c • a - • - — a a c  I - - c t h u - a  1 ~ v 12. I~ ,
T I j  II  J Ti

s ince  h is Lip schi t z and 
~~~

. = 

~~

. .  — 1/n ,

~ b ( c - c! .)  - L ( L . )  ci . b ( ,~~~I ~~~~~~~~ + a - ~~~ . 
.r c - a , k - ~ - Ini — I 1 ~ 

- ri j n j  j  —

ii n , ,

.1 1~ - ~ 
d I ( ci . -: a ~t ( , ) c t ~~) — ( u Ii d . a t) — =

- . j~r1

Thtr~ -

~ 

:~~(p / a j .  Si c i  b u y ,  J = (
~~~

( HL~~~ I ( p / i )

I .irthe~- , ‘ j y  ( 2 .  ) and s i z ~~ i- 1’ i s  1 1 p~ c h L  t z ,

( 2 . 2 ~ (~ ( .  I~ c - a :. 
~~ 

-
~~ e

A s~ m i Ia hound holds Hr . ~. i n c e  1w ( ‘  .5) 1 i s  I i p s ch i t :  in n e i g~ or~~oods

o f -c , Lemm a 1 of C . i r ro l 1 ( 1 .) ‘s) shows

( 2 . ~~~ 
~ 

1{c - 1 .  a~~} ~~ ( r a x ( 1 o g  n , n ( F ( c  + a )  - F ( c  - .i f l)

L l e t  n:i ‘ lug  n , (2  . .‘t ’ ) ar id  (2  . . I )  ,~ ,

I iu I = ~~‘ ra~
) 2 )  

~~ 
O (1 n a

T!.i S . 1 ’  i c i S

(2 . 22)  “1c~~~~ n ) • 
~~~

- -  ‘,~~ )

I f  we t~~~e = ii ( 2 .  I . I n I  ( 1 .  2) v i  r i d



1.

n~~ A = ‘Hn p ‘

comple t ing  the p r oo f .  -

3 .  Exte~ si’rns

A. Scale invariance

The t e s t  s t a t i s t i c  A. is  not scale l i v  i n  c i ~ To o b t a i n  such i n v a r H - -  e ,

one would  r~ r i t u ~ th e  mo- t e l  ( 1 . 1) — (1 . 2~ so t h a t  - ( t  , i~~) = (I + a ( -
~ ) ( - f l  ,c .j ,

w~ r’; is a scale puL r ai1 t e r  c.O f l S l S t C f l t l y (‘S t i l ’ c . i t C d  ~when  ()  = 01 hy i ~~~

e s t i m a t e  ~ (provided by l ea s t  squares or IIu he r ’~ i’r orosa l  2 for r cb ci~ t rogr’csi ;a

To o b t a i n  sca le  iav ;I r~aI~~- , i~ick e 1  sugges ts  r e p l a c i i g h ( r . )  by b ( r 7 c~) -

s t a t e m e n t s  and ‘r c ~ofs  of The ore m s I and 2 n u l i ; t  h~ m ou i f i e d  for t h i s  ne~ :cst

s t i~~i s t i -  wh ich  we denote A, (r ’ ) . An ana logue  of Theore m 2 is

Theorem 3. Suppo e th~ no n i r i  c 1 i ~ of Theo r em 2 h o l d  and , in addi t ~~ rc ,

I 
- O

(
) = (1)11) -

- - 2
I - h ’ (L.

i
) 

1~

(3~~~u 1~c h’ (i )r }4 - ‘ -  -

The, ( 2. 12) h o l d s  Ic r 4
..h (

~~~~ 
A~~;unptiun (~~~ 

.1) in he siilc je t of part B of this sect i o n .  \n t i r p t i : i n ~

( 3 . ~~) ! (3.3) l.~ l d  V h , .; e n s t aj i t  o u t s i d e  an i n t e r v a l  (as i n  ( 1 . 7 , ) .

et ch ’cI t h c j crucu~~~of Ii i y cc ~~~r 3. We ?-e ~ d 1 .,  ~e r i  Iv s~ h st  I t i l t es  fo r B i ck e l  ‘s

(~~3~.) , in . L (A~7) nh -ri h ( r 1 is  — - -
~ l a c e I by l~~r . / .~) 

~~~~~ 1 5  rep l a c e d  % y b~~~1 ’- -~~

~.,d the rc:-~m I ndc i terns arc ( r e spec t  i vc l y )  ( ( i c r )  ~ and C,~(p) . lo prove the



sub st j  t u t e  for (A3 5) one Trust show t h at

(3. 4 )  L w .  b ( r / :~) b ( r ./ ~~) - w . . b ( i . / o)  H 
,
/ i  = O ( (n p ) )

(~~. S )  Y~ w~~. h (~~ /~ ) ~~( c : . / r ~ ) - w .. b(~~./. . ,  / ° )

‘ s i ng  t ’.e specia l  form of ~~~~ (3 . 4) f o l l o w s  f i  r~’ ( 2 . 8 )  and the  f ac t  that b is

P- -ux , Je~ j r. !  Li psc ii t : ;  ( 3 . 5 )  j r  a consequence of (3.1) and (3 . 2 ) .  Sta~ cmc u. t ~~~‘)

n c~~~ com p l e x .  The an: l o g i r e  of ( A 4 2 ) - ( \ 1 5 )  i~ t o  show

- 1(t ) )  t ) ( i J~~)
1 ,~)

f r  ~i i i c h  ( i ~ m u ’  t 3 . :k e l ’ s p roof )  i t  su f f i cc r t o  ~ hc~~

a ’ )  ~u d Ch( C ./r ) - h (  •

~~~~

- -

~~~~~~~ 

= O~ (p )

We ~ cwr ~~t c  ( 3 . 6 ’  ~s

(~- . 7 )  
~~~

. .  a ’ ( i . ) d .  ( b’  (c. -’ ~~~~) 
- F b’  ~ l/Lbo ) 1l/ ~ -

w . a ’ ( i .  id (b~ c . / 1 )  — t) ’ U / - 3 ) — (1, .~ — 1/ 3
0

)1: . i)~ (- : I’:

i , j

- R  +~~~~ln  2n

~ l 
-~~ (p) fo l lows  t rorn using the Schwarz inequality, the boundedness of

a , and ta en cpp ly ing  ( 3 . l and ( 3 . 2 ) . That R 2n i~~(p )  is complicate-i notitiona ly

h •~ I a c 0 ’ ;eq I Iencc  of a ~ i~ led version ~~ l e m ma 2 of C a r r o l l  ( l 9 ~~~)

~~e f i l 1 ’ s

e a r a l ” : ; t i e  of IA4~ i s  t o  show t h a t

~~ ~~ w~~~. ; m ( :  
~) t h t  r ./ - ~) - ~ , /~~~~~~) 

(
~~(p )

1,) 
. . I



I’

First n- te that ( 3 . 1 )  :‘ .:~ ! tIi~ .r u c .~~ 1 ’ l h (  - .
~~ 2 c a l l iis l to nLw t 1L_ t

( 3 .9 )  / w~~. a ( t ) t I c ( r . / ’ i  h (  
i .

-’ - ’ )  ‘ H - f l u ’ ( c / ’) )  C f t )  .

To ve r i f y (3 .8)  we m u st  n h w  tIm.m t ? h  . l , t r c ’  m c i -  ~~~~ - ( 3 . S )  an - . ( 3 . 9 c  i s

this is  a co nu ; c - . -o  n i e  j~~ t h e  I o i I o w r~

(~~. lo) 
~~ 

w
i _i 

~~( . ) (t ~~~~~~~~~ / . )  — I (  ‘ : j ~ 2 ( p )

(3. 11) 
~~~ 

a (  - ~~ (h’ (.~~1) )  - ‘ - ‘ It ~/ (~ ) ) )  =

1,3 
-

( 3 . 1 2 )  
~~~ 

a( ’ 1 . d~ b ’ (~~ /c 0 ) ( l i  - 
~~~~~~~~~~~ =

Li uu :~t j o r u — , ‘3. 11)  a n t  (3 .  12)  f low b y app 1 ) i n ~ t he S n hw a r :  inequa l - , ( -

(2 14) , ( ~~~. 1) m i d  3 ..3) - ,~e c a rewr ite 3. lO~ is

(3  ~~) 
~~~

. .  a ( : . ) ( t ’ ( . / -  - l i ( c :  - ( 1 [  - I / : 0 ) n .  b ’ ( r ./ o 0 ) )
1 ,3 -

+ w . - . ( - ) [c  - ~
- ‘ (~ . /~~ 

) — I ~ b’ ( ‘ ‘ ) 
~ 

1f :~ 
— ~~~ ) I. - + B e .,

fl ~ 0 1 1 o o ~ .

¶ H- l..st s~ ep f o l l u c u c i n g  - . i n i- I ~ w .  a ( - t . )  0. T h  i t  0~~ (~~(~~ ~ - ) 1 I c ~~S ~. I f l

the  pr oof of Theorem 2 , w-i i Ic I1~~, = ~~(p) fo1Ir.~s from 13 . 1 )  and the  U.c h y c h r v

i n e q u a l i t y .  [ 1

~~ 
11 . r l i c r  ‘s P roposa l  2 f o r  r olca : ; ’ r e g r e s s  ~ c . f l  j • !.‘ so

(3. 1~~, , ~( Y .  - ~~~ . ~) / ~~~)~~ = U

:1 , —,

~~ 13 )  ~ - - :~~/o) 
- - : 

~
- - I I -

i = 1

t h ~ i l I s t  c.\ ,)e~ t t t j o n  t . I ~~( c  ; l e r  t ) -  --t ;tri (Iard u c i u c i l  d i s t r ib u t i o n  f u n c t i o n . ~

(l~i 23) sh- cs :- ( 2 .  
~

) c i a c ! L r  I L  f o l  l - . in;~ -o ’id i  t i r I i n



(3 . 14) ‘;- is o Id aid l u n — d e c  r e t - . i

‘~c has  t ~ c bwiiitle d cont i noon - cL i - I  ~‘a j yes

0 = I i h . 1 c c l i  i \  ~3.1 21 i S S.)] v n d

• 0, ~~~e y : -  r ~ :; t h e  ma~ in - I i mm ~’o i i a I  e l cn i e n t  of t 1 -- projec ~~ i m

m a t r i x  c (C ’ C )  1 
~~~

, = ~T ’  r ( s i n c e  ~ 
- p/n , ~~/n - )

- • c r c - ca i - y

The above con di t  ions I r e  very  r c s t r i  ct  i ve  in  - c  : - s I l I I ~~i l I ) ~ - k n a w n  , and  Iuh—3 -; f m o i -  t l u -

( ‘ (x )  = ‘n a x ( - k , m i n ( k , x ) ) )  does not  s a t i s f y  the s r c c c c , t h n c s s  conditi on .

Car rc 1 and i~aI~~ cert (1  ~)79 ) have g ’n e r a  i z c2 f l t i l c e r ’ m; r e s u l t  by means of t he

t r ehn iq UC 5 used in  t h e  j r c s c f  of Th eorem 2. i h e  . c !  i Z e  ( 1°  i c i l  I syste i t

(3.17)— (3 13) a~md assume o n l y  t h a t  ~ Sa t is! i r s  ( 2 . 1 4 ) ,  wh i ch  is t r u e  for a l l

functions ims ed in practic :e. rho p i i~ c paid i5 mm n l r a f l g e r  c- ) f l d i t i o f l  on the  g

r a t e  of p; t l c - y i c  1111cc th ..t f o r  u f l i c ~ Sequci  ~ c7 a ~~~, I c o t h  Yr / a 2 
~ 0 an:!

ny:I U .  ~luei ;  t i m e cic~ I ~r i s  L u  anced  ( ~ = p / i u  - t h en  a~ p ~ for  in , -

~ 0 :; i f f i c e s , hut  t h a t  ri~ l l l i r e s  p / n

C. Smoothness  of F. C a t u d i t  ion  ( 2 . 5 )  is r a t C c C I .t r i ’f l g .  R i i p p e r t  ~nd C a r r o l l  ( j ( )79

sh ow by t n t  i r e ly  d x  E f e r ent  m et h ods t ha t  w i r c a  r ‘s i i  ~~~~
- ano b s a t i s f ie s  (2.14) , 2.

ca~ h e r e l a x e d  by r e q u i r i n g  o n l y  that I is Ii ~’ - r i  ‘1 order  - n e  in  ne~ghbo -h~

of c.
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